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Abstract

The velocity and the shear stress, corresponding to the unsteady flow
of an Oldroyd-B fluid in an infinite circular cylinder subject to a time-
dependent couple, are established by means of the Hankel transform. The
similar solutions for Maxwell, Second grade and Newtonian fluids can be
obtained as limiting cases of general solutions. Finally, the influence of the
material parameters on the velocity profile and the shear stress is spot-
lighted by means of graphical illustrations.
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1 Introduction

The study of the motion of a fluid in the neighbourhood of a rotating or slid-
ing body is of great interest for industry. The flow between rotating cylinders
or through a rotating cylinder has applications in the food industry, it being one
of the most important and interesting problems of motion near rotating bodies.
As early as 1886, Stokes [1] established an exact solution for the rotational os-
cillations of an infinite rod immersed in a linearly viscous fluid. However, such
motions have been intensively studied since G.I. Taylor (1923) reported the results
of his famous investigations [2]. For Newtonian fluids, the velocity distribution
for a fluid contained in a circular cylinder can be found in [3]. The first exact
solutions corresponding to different motions of non-Newtonian fluids, in cylindri-
cal domains, seem to be those of Ting [4], Srivastava [5] and Waters and King
[6]. In the meantime a lot of papers regarding such motions have been published.
The interested readers can see for instance the papers [7-14] and their related
references.
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However, it is worthy pointing out that all above mentioned works dealt with
problems in which the velocity is given on the boundary. To the best of our
knowledge, the first exact solutions for flows into cylindrical domains when the
shear stress is given on the boundary are those obtained by Bandelli and Ra-
jagopal [15] for Second grade fluids. Similar solutions, corresponding to a time-
dependent shear stres on the boundary, have been recently obtained in [16-19].

The aim of this paper is to present exact solutions corresponding to the flow of
an Oldroyd-B fluid due to an infinite circular cylinder subject to a time-dependent
shear stress. Such solutions, in addition to serving as approximations to some
specific initial value problems also serve to a very important purpose, namely,
they can be used as tests to verify numerical schemes that are developed to study
complex unsteady flow problems. Just as in the case of Newtonian fluids, it is
necessary to develop a large class of exact and approximate solutions for fluids
such as the Oldroyd-B fluid as it has been found to approximate the response
of many dilute polymeric liquids. The solutions that have been here obtained
tend to the similar solutions for Maxwell, Second grade and Newtonian fluids by
taking appropriate limits. Furthermore, our limiting solutions (25) and (26) are
different of those obtained in [19, Eqgs. (47) and (49)] which are wrong. Finally,
the influence of physical parameters on the velocity profile is shown by graphical
illustrations.

2 Governing equations

The incompressible Oldroyd-B fluids are characterized by the constitutive
equations [6,7,9,10,14]

T=—pI+8S, S+ AS—LS—SLY) = y[A + \.(A —LA — AL")], (1)

where T is the Cauchy stress tensor, —pl denotes the indeterminate spherical
stress, S is the extra-stress tensor, V is the velocity, L is the velocity gradient,
A = L+ L7 is the first Rivlin-Ericksen tensor, p is the dynamic viscosity, A
and A, are relaxation and retardation times and the superposed dot indicates
the material time derivative. This model includes as special cases the Maxwell
model and the linearly viscous fluid model. In some special flows, like those to
be considered here, the governing equations for Oldroyd-B fluids resemble those
for second grade fluids.

For the problem under consideration we assume a velocity field and an extra-
stress tensor of the form

V =V(rt) =w(rt)ey, S =S(rt), (2)

where ey is the unit vector in the 6-direction of a cylindrical coordinate sys-
tem 7,0, z. For these flows the constraint of incompressibility is automatically
satisfied. Substituting (2) into (1)2 and having in mind the initial condition

S(y,0) = 0 (the fluid being at rest up to the moment t = 0), (3)
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we find that S, = S,, = S, = Sy, = 0. In the absence of a pressure gradi-
ent in the axial direction and neglecting body forces, the linear momentum and
the constitutive equation (1)2 lead to the relevant partial differential equations[14]

(1+ 207 (r,t) = p(1 + A0y <ar - i)w(r, t), pduw(r,t) = (ar + i)T(r, 1), (4)

where 7 = S,., is the shear stress that is different of zero and p is the constant
density of the fluid.
Eliminating 7(r,t) between Eqgs. (4) we obtain the governing equation

NO2w(r,t) 4+ Oww(r,t) = (v + ady) (33 + %8,« - é)w(r, t), (5)

where o = v\, and v = u/p is the kinematic viscosity of the fluid. The partial
differential equation (5) with adequate initial and boundary conditions, can be
solved in principle by several methods, the integral transforms technique rep-
resenting a systematic, efficient and powerful tool. The Laplace transform can
be used to eliminate the time variable, while the finite Hankel transform can be
employed to eliminate the spatial variable. Bandelli and Rajagopal [15] as well
as Bandelli et al [20] showed that the Laplace transform does not work for some
problems regarding second grade fluids. More exactly, the obtained solutions by
means of the Laplace transform do not satisfy the initial conditions due to the
incompatibility between the prescribed data. Furthermore, the inversion proce-
dure for obtaining the solution is not always a trivial matter. Consequently, we
shall use the Hankel transform here.

3 Taylor-Couette flow within a circular cylinder subject to a time-
dependent couple

Consider an Oldroyd-B fluid at rest in an infinitely long circular cylinder of
radius R. At time ¢ = 07 the cylinder is set in rotation about its axis by a
time-dependent torque

7(R,t) = f[t — AM(1 — e"¥*)]; f = constant, (6)

per unit length. Due to the shear, the fluid is gradually moved its velocity being
of the form (2). The governing equation is given by Eq. (5), while the appropriate
initial and boundary conditions are

w(r,0) = dw(r,0) =0; re€0,R), (7)

respectively,

(1 4+ 20T (R,t) = p(1 + ADy) <ar - i) w(r,t) [p—p= ft; t > 0. (8)
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In order to solve the linear partial differential equation (5), with the initial and
boundary conditions (7) and (8), we denote by

R
wnH(t):/O rw(r, t)Jy (rry)dr, (9)

the finite Hankel transform of w(r,t), where r, (n = 1,2,3,...) are the positive
roots of the transcendental equation J5(Rr) = 0, and use the known relation [21,

Eq. (13.4.31)]
R 82 10 1
/0 ’”(w o rz)‘%: £)J1(rra)dr =

RJ1(Rry,) (& — i) w(ryt) |p=r —T2wnm(t). (10)

Multiplying now Eq. (5) by rJi(rry,), integrating the result with respect to r
from 0 to R and using the identity (10), it results that

N (t) + (14 ar?)ing (t) + vriw,m(t) = ftRJl(an); t>0. (11)
P

Equalities (7) also imply
wnu(0) = wpg(0) =0. (12)

The solution of the ordinary differential equation (11) with the initial condi-
tions (12) is

wnH(t) =

SRI(Bry) [, emr!—etn! 1+ ary (1 _ qene™ — qmeqwt)], (13)
i

TTQL qon — qin Vr'y% qon — qin

—(I+ar2) £ /(1 +ar2)2 —dvir2

where qip, gon = I

Finally, applying the inverse Hankel transform formula [21, Eq. (13.4.30)] and
using the identity

oo

J1(rry)
7‘ B 4RZ T2J1 RT’n
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we find the velocity field w(r,t) under the form

fr3 Ji(rry)
t) = ——(t—
w(r?) ZﬂRQ( Ar) pr Z rd Ji(Rry)
2f o= [1+ ar? aneQInt — qipe®nt
= Z 2 Gon — -
n n — qin
qant _ ,qint J
e e ] Ql(rrn) 7 (14)
don — qin rnJI (an)

or equivalently

fr of Gl = e\ Ti(rr)
t) = t— A 1-—2=1 . (1
w(r, ) 2,“1%2 ( ) uvR Z q2n — qin r;lzjl (an) ( 5)

n=1

In order to determine the shear stress, we use Egs. (3) and (4), and get

7(r,t) = Te —t/A/Ot T/A<1+A ;) (gr i)w(r,T)dT. (16)

Substituting (14) into (16) and using the identities

P vr? S v(A—=\)r2 i = 12 14+ Aqin

InY2n )\ s 3nYdn )\2 s 1In43n n )\ )
o4 Mo Ui+ qin R

qQondan = —V?"n )\ y QinQan = )\ s 42nq3n = )\ )

where Ag3n, = 1+ A1, and Agan, = 1 + Ag2n, we obtain, after lengthy but
straightforward computations, the next suitable form for the shear stress

fr? —t/A 2f —t/A o Ja(rrn)
H = A1 “La- e
7(r,t) e (L—e™)| + ,/R( € )nz::l r3 J1(Rry)
2f 1 > |:6q2nt _ edint \ QQanlnt _ qlnelhnt
VR =M= @n—qin G — i

_ 1 +ar? Jo (rrn)
)\ t/A
+ 3 (R

L2 A N [ane™ —ggne®t ] (i)
VRA=XA = | @n—an raJi(Rrn)
2f A o= [qune?nt — g3, e9nt _t/)\} 1+ ar2 Ja(rry) N
VR >\ - >\r n—1 L q2n — qin 7’3 Jl (an)
2f A, > _ane(IQnt _ qlnelhnt 5 ed2nt _ odqint
—ET — + vy —
vR A )\r n—1 L q2n din q2n din

—et/ A} r;;f’(“;’;l) . (17)
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Of course, Eq. (17) can be processed to give the simple form

T(rt) = ;22 [t= A =et)] 4+

L2 S [ et =gt Do) (18)
VR n—=1 92n — qin r%JI(an)

4 Limiting cases

1.Making the limit of Egs. (15) and (18) as A, — 0, we obtain the solutions

fr8 et — et i ()
t _ )\ on n , 19
W(T7 ) 2NR2 ,UVR Z gén — 45n r%(]l (Rr”) ( )

7(r,t) = fR—T; [t — A1 - eft/)‘)] +

(20)

ﬁ = |:1 . QGneqsnt - q5n€q6"t:| JQ(TTn)
VR n=1 dén — Q4sn T%Jl (an)’

corresponding to a Maxwell fluid performing the same motion. Into above rela-
tions

—14/1— 42
2\ '

45n,den =

2. By now letting A — 0 into Eqgs. (15) and (18), the similar solutions

3 2
w(rt) = (=) - fR [1 _
9 vrit Ji(rry)
(1+arn)exp(— 1+ar%)]r;‘1Jl(an)’ (21)

f’l“2 2f I/T%t Jg(?”?”n)
— — 22
T(T7 t) = t+ » 1—exp 1 r% r;‘; Tl(RTn), ( )

corresponding to a second grade fluid are obtained.

3. Finally, taking the limit of Egs. (19), (20) or (21), (22) when A — 0, respec-
tively, A, — 0 the simple solutions [18, Egs. (29) and (37)]

_ fT —l/T‘i Jl (’I“Tn)
wirt) = QuRQ w/R Z < t) rJi(Rry)’ 23)
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fr? 2f — o2\ J2(rry)
= L4420 1-— nt ) 24
7(r?) R TR 2\ 3 1 (Rrn)’ (24)

for a Newtonian fluid are obtained. Of course, the boundary condition corre-
sponding to the last two cases, as it results from Eq. (6) for A — 0 is

T(R,t) = ft. (25)

5 Numerical Results and Conclusions

The main purpose of this paper is to provide exact solutions for the velocity
field w(r,t) and the shear stress 7(r, t) corresponding to the non-steady rotational
flow of an Oldroyd-B fluid induced by an infinite circular cylinder subject to a
time-dependent shear stress. These solutions, obtained by means of the Hankel
transforms and presented under series form in terms of Bessel functions Jy(.),
J1(.) and Ja(.), satisfy all imposed initial and boundary conditions. To the best
of our knowledge, the solutions that have been here obtained seem to be the first
exact solutions for motions of Oldroyd-B fluids corresponding to a problem with
time-dependent shear stress on the boundary.

For A, — 0, the general solutions (15) and (18) reduce to the solutions (19)
and (20) for a Maxwell fluid performing the same motion. It is remarkable the
fact that the similar solutions (21) and (22) for second grade fluids, can be also
obtained as limiting cases (for A — 0) from general solutions, although the con-
stitutive equations for Oldroyd-B fluids do not contain as a special case the con-
stitutive equations of second grade fluids. Furthermore, making A — 0 into (19)
and (20) or A, — 0 into (21) and (22), the solutions (23) and (24) for Newtonian
fluids are recovered. Of course, these solutions are different of those established
in [17], which are completely wrong.

Finally, in order to reveal some relevant physical aspects of the obtained re-
sults, the diagrams of the velocity field w(r,t) and the shear stress 7(r,t), given
by Egs. (15), (23) and (17), (24), have been drawn against r for different values
of t and of the material parameters. Figs. 1 and 4 show the influence of time
on the velocity and the shear stress, respectively. From these figures it is clearly
seen that the flow velocity as well as the shear stress increases with time. The
influence of the retardation time A, on the velocity is shown in Fig. 2. From
diagrams it results that, in accordance with our expectations, the velocity of the
fluid decreases for increasing \,.. The corresponding results for the shear stress
are given in Fig. 5. They are in agreement with those coming from Fig. 2 for
the velocity field. Last figures 3 and 6, show that for A and A\, — 0, the velocity
as well as the shear stress corresponding to the non-Newtonian fluids, as it was
to be expected, are going to those belonging to a Newtonian fluid.
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6—0610©
w2 (r)
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Fig. 1. Profiles of the velocity field w(r, t) given by Eq. (16) - curves o1(r), ®2(r), ®3(r),
forv=0.0357541, n =32, R=1,f=2, 1 =10, A, = 2 and different values of t.

Fig. 2. Profiles of the velocity field o(r, t) given by Eq. (16) - curves o1(r), ®2(r), ®3(r),
for v=0.0357541, n =32, R=1,f=2, 1 =10, t = 8s and different values of A..
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Fig. 3. Profiles of the velocity field w(r, t) given by Eq. (16) - curves o1(r), ®2(r) and
Eq. (23) - curves ®N1(r), ®N2(r), forv=0.0357541, u=32,R=1,
f=2,1=0.01, A, =0.01 and different values of t.

- curves tl(r), t2(r), t2(r),

Fig. 4. Profiles of the shear stress 1(r, t) given by Eq. )
=10, 2 and different values of t.

) (18
forv=0.0357541, =32, R=1,f=2,2 A=
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Fig. 5. Profiles of the shear stress (r, t) given by Eq. (18) - curves t1(r), t2(r), t2(r),
for v=0.0357541, n =32, R=1,f=2, A =10, t = 8s and different values of A.

Fig. 6. Variation of the shear stress t(y, t) given by Eq. (18) - curves t1(r), t2(r) and
Eq. (24) - curves tN1(r), tN2(r), for v =0.0357541, u=32,R=1,
f=2,1=0.02, A, =0.01 and different values of t.
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