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Abstract

We present some aspects from the study of geometric structures of natural lift type on
the tangent bundle of a Riemannian manifold. After presenting, in the first two sections,
the basic constructions leading to the almost Hermitian structures of diagonal type, we
find the conditions under which such structures are almost Kéhlerian or Kahlerian. In
section 4 we present the results concerning the almost anti-Hermitian structures. Next we
study the general natural almost Hermitian structures, obtaining similar results. Finally,
in section 6 we obtain sufficient conditions for a general natural Kaehler structure on the
tangent bundle to be a Kaehler Einstein structure.
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1 Introduction

It is well known (see [28]) that the tangent bundle TM of a Riemannian manifold (M, g) has a structure
of almost Kaehlerian manifold with an an almost complex structure determined by the isomorphic
vertical and horizontal distributions VI'M, HT M on T M (the last one being determined by the Levi
Civita connection on M) and the Sasaki metric on T'M.However, this structure is Kaehler only in the
case where the base manifold is locally Euclidean, so the Sasaki metric is rather rigid an it should
be interesting to get another Riemannian or pseudo-Riemannian metrics on 7'M, having some better
properties. Among some other authors who studied the differential geometry of the tangent bundle we
can quote [6],[7], [8].

First, recall that E.Calabi defined a new Riemannian metric on the cotangent bundle of a Kaehler
manifold, by using a special generating function defined by a smooth real valued function depending
on the density energy only and has obtained a new almost complex structure, which together with
the original one determines a structure of hyper-Kaehler manifold of positive constant @-sectional
curvature. Inspired by this idea, in 1998 the present authors considered a regular Lagrangian on
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a Riemannian manifold (M, g) defined by a smooth function L depending on the energy density only
[20]. A quite interesting result is that the usual nonlinear connection determined by the Euler-Lagrange
equations associated to L does coincide with the nonlinear connection defined by the Levi Civita
connection of g, thus the horizontal distribution HT'M obtained is the standard one. Next we have
obtained a Riemannian metric G on the tangent bundle TM (defined by using some natural lifts of
g) such that the vertical and horizontal distributions VI'M, HT M are orthogonal to each other but
they are no longer isometric. Then we have considered an almost complex structure J on T'M related
to the above Riemannian metric G such that ("M, G, J) is an almost Kaehlerian manifold (Theorem
2 in [20]). From the integrability condition of the almost complex structure J we have obtained an
important result. If (M, g) has positive constant sectional curvature then we may obtain a certain
smooth function L on the subset ToM of the nonzero tangent vectors to M such that the structure
(ToM, G, J) is Kaehlerian (Theorem 3 in [20]). Next, we have obtained the Levi Civita connection V
of G and its curvature tensor field showing that the Kaehlerian manifold (ToM, G, J) cannot be an
Einstein manifold and cannot have constant holomorphic sectional curvature.

The possibility to consider vertical, complete and horizontal lifts on T'M and the using of some
natural lifts of g lead to other interesting geometric structures, studied in the last years, and to some
interesting relations with problems in Lagrangian and Hamiltonian mechanics.

The first author has studied some properties of a natural lift G, of diagonal type, of the Riemannian
metric g (so that it is no longer obtained from a Lagrangian) and a natural almost complex structure
J of diagonal type on T'M (see [18], [14], [13], and see also [20], [21]). The condition for (T'M, G, J) to
be a Kéahler Einstein manifold leads to the conditions for (M, g) to have constant sectional curvature,
and for (T'M, G, J) to have constant sectional holomorphic curvature or to be a locally symmetric
space. Note that in [14], [18], the first author excludes some important cases which appeared, in a
certain sense, as singular cases. Note also that one of the cases excluded in [14] is just the case where
the Riemannian metric G is defined by the Lagrangian L, case studied in [20]. Other singular cases
excluded by the first author in [14], [13] have been studied by the second author in [26], [27].

A family of natural almost anti-Hermitian structures (G, J) on the tangent bundle TM of a Rie-
mannian manifold (M, g) is defined by a semi-Riemannian metric G (it is a lift of natural type of g
to TM) such that the vertical and horizontal distributions VI'M, HT M are maximally isotropic and
the almost complex structure J is a usual natural lift of g of diagonal type interchanging VT'M and
HTM. Tt has been studied by the present authors in [22]. They have obtained the conditions under
which this almost-Hermitian structure belongs to one of the eight classes of anti-Hermitian manifolds
obtained in the classification given Ganchev and Borisov in [4]. Also, in [21], the present authors
consider another semi-Riemannian metric G on T'M such that the vertical and horizontal distributions
are orthogonal to each other, study the conditions under which the above almost complex structure J
defines, together with GG, an almost anti-Hermitian structure on 7'M and obtain the conditions under
which this structure belongs to one of the eight classes of anti-Hermitian manifolds obtained in the
classification in [4].

In the paper [15], the first author has presented a general expression of the natural almost complex
structures on T'M. In the definition of the natural almost complex structure J of general type there
are involved eight parameters (smooth functions of the density energy on T'M). However, from the
condition for J to define an almost complex structure, four of the above parameters can be expressed
as (rational) functions of the other four parameters. A Riemannian metric G which is a natural lift of
general type of the metric g depends on other six parameters. From the conditions for G to be Hermitian
with respect to J, one gets that these six parameters can be expressed with the help of the first eight
parameters involved in definition of J and two proportionality factors. From the integrability condition
for J, we get (beside the condition for the base manifold to be of constant sectional curvature) that two
other parameters involved in the definition of J can be expressed as functions of other two essential
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parameters and their first order derivatives. Thus a natural Hermitian structure (G, J) of general
type depends on four essential parameters (two essential parameters are involved in the definition of
the integrable almost complex structure J and two are proportionality factors). From the condition
for (G, J) to be almost Kéhlerian, we get that the second proportionality factor is the derivative of
the first one. The family of natural Kéhlerian structures (G, J) of general type on TM depends on
three essential coefficients (two are involved in the expression of J, and the third one is the first
proportionality coefficient).

In the last section of this present paper we study some properties of the curvature tensor field of
the natural Kahlerian structure (G, J) of general type on TM. Namely, we are interested in finding
the conditions under which the Kéahlerian manifold (T'M, G, J) is Einstein. We found three cases. In
the first case the first proportionality factor is expressed as a rational function of the first two essential
parameters, and the value of the constant sectional curvature of the base manifold (M, g). It follows
that (T'M, G, J) has constant holomorphic sectional curvature. In the second case we obtained a second
order homogeneous equation in the proportionality factor A and its first order derivative \’. Expressing
)\ as a function of X and the remained parameters, we were able to show, after quite long computations,
that the manifold ToM C T'M consisting of nonzero tangent vectors to M is a Kéhler Einstein space.
In the third case we obtained an expression which cannot be zero (in fact it is always positive), so this
case lead to no Kéhler Einstein structure.

The manifolds, tensor fields and other geometric objects we consider in this paper are assumed
to be differentiable of class C*° (i.e. smooth). We use the computations in local coordinates in a
fixed local chart but many results may be expressed in an invariant form by using the vertical and
horizontal lifts. The well known summation convention is used throughout this paper, the range of the
indices h, 1,7, k,l,r being always {1,...,n}. Some quite long computations have been done by using
the Mathematica package RICCI for doing tensor calculations.

2 Preliminary results

Let (M, g) be a smooth n-dimensional Riemannian manifold and denote its tangent bundle by 7 :
TM — M. Recall that TM has a structure of a 2n-dimensional smooth manifold, induced from the
smooth manifold structure of M. This structure is obtained by using local charts on 7'M induced from
usual local charts on M. If (U,¢) = (U,z',...,2") is a local chart on M, then the corresponding
induced local chart on TM is (—'(U), ®) = (+—'(U),z',...,z", y',...,y"), where the local coordi-
nates 2, y’; 4,5 = 1,...,n, are defined as follows. The first n local coordinates z* of a tangent vector
y € 771(U) are the local coordinates in the local chart (U, ¢) of its base point, i.e. ' = z°o 1, by an
abuse of notation. The last n local coordinates v/, j = 1,...,n, of y € Tfl(U) are the vector space
coordinates of y with respect to the natural basis in T,y M defined by the local chart (U, ). Due
to this special structure of differentiable manifold for T'M, it is possible to introduce the concept of
M-tensor field on it. The M-tensor fields are defined by their components with respect to the induced
local charts on T'M (hence they are defined locally), but they can be interpreted as some (partial)
usual tensor fields on T'M. However, the essential quality of an M-tensor field on T'M is that the local
coordinate change rule of its components with respect to the change of induced local charts is the same
as the local coordinate change rule of the components of a usual tensor field on M with respect to
the change of local charts on M. More precisely, an M-tensor field of type (p,q) on TM is defined
by sets of n?T? components (functions depending on z' and yi), with p upper indices and ¢ lower
indices, assigned to induced local charts (77'(U),®) on TM, such that the local coordinate change
rule of these components (with respect to induced local charts on T'M) is that of the local coordinate
components of a tensor field of type (p, ) on the base manifold M (with respect to usual local charts on
M), when a change of local charts on M (and hence on T'M) is performed (see [11] for further details);
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e.g., the components y*, i = 1,...,n, corresponding to the last n local coordinates of a tangent vector
y, assigned to the induced local chart (77*(U), ®) define an M-tensor field of type (1,0) on TM. A
usual tensor field of type (p,¢) on M may be thought of as an M-tensor field of type (p,q) on TM. If
the considered tensor field on M is covariant only, the corresponding M-tensor field on T'M may be
identified with the induced (pullback by 7) tensor field on TM. Some useful M-tensor fields on T'M
may be obtained as follows. Let u : [0,00) — R be a smooth function and let ||y||* = g, (y, y) be the
square of the norm of the tangent vector y € 7~ ' (U). If §} are the Kronecker symbols (in fact, they are
the local coordinate components of the identity tensor field I on M), then the components u(||y||*)d}
define an M-tensor field of type (1,1) on T'M. Similarly, if g;;(x) are the local coordinate components
of the metric tensor field g on M in the local chart (U, ), then the components u(||y||*)g:; define a
symmetric M-tensor field of type (0,2) on TM. The components go; = y*gr: define an M-tensor field
of type (0,1) on TM.

Denote by V the Levi Civita connection of the Riemannian metric ¢ on M. Then we have the
direct sum decomposition

TTM =VTM & HTM

of the tangent bundle to T'M into the vertical distribution V’I'M = Ker 7, and the horizontal distribu-

tion HT'M defined by V. The set of vector fields (8%1, ce Byi") on 771 (U) defines a local frame field
for VT'M and for HT'M we have the local frame field (5%17 R 6%), where

0 0 Fha

oxi ozt Y oyh’

h kh
Toi =y T,

and '}, (z) are the Christoffel symbols of g.

The set (%, ceey %, 6%, A 6%) defines a local frame on T'M, adapted to the direct sum de-
composition (1). Remark that
0 0 0 0
i = ( i)V7 i = ( i )H7
y ox ox ox

where XV and X™ denote the vertical and horizontal lift of the vector field X on M respectively. We
can use the vertical and horizontal lifts in order to obtain invariant expressions for some results in this
paper. However, we should prefer to work in local coordinates since the formulas are obtained easier
and, in a certain sense, they are more natural.

Consider the energy density of the tangent vector y with respect to the Riemannian metric g

1 1 1 ; _
t=5llyll* = 59-0) (w:9) = g (@)y v*, yer \(U).

Obviously, we have t € [0,00) for all y € TM. Denote by C = y*-2; the Liouville vector field on TM

Ayt
and by C = ¢ 527., the similar horizontal vector field on T'M.

3 Almost Hermitian structures of diagonal type

Let a1,a2,b1,b2 : [0,00) — R be four real smooth functions and define a diagonal natural 1-st order
almost complex structure J on T'M, by using these coefficients and the Riemannian metric g, just like
as the natural 1-st order lifts of g to T'M are obtained in [9]. The expression of J in adapted local
frame is given by [15],

Jo; = a1(t)0; + b1 (t)goiC,  JOi = —az(t)d; — b2(t)go:C.

where we have used the following simpler (but less clear) notations:
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Proposition 1,[15]. The operator J defines an almost complex structure on T M if and only if
ajaz =1, (a1 —+ 2tb1)(a2 + thz) =1.
We assume that a1 > 0,a2 > 0,a1 + 2tb1 > 0, a2 + 2tbs > 0 for all ¢ € [0, 00).

Consider a natural Riemannian metric of diagonal type G on T'M, induced by g having the expres-
sion in local adapted frames defined by the M-tensor fields

G\ = G(8:,0;) = c1gij + drgoigos.,
G = G(6:,8;) = cagij + dzgoigo;,

G(8s,0;) = G(5;,0;) = 0.

The associated (2n X 2n-matrix with respect to the adapted local frame has two n x n-blocks on the

M
a=( % %, )
0o GY

The coefficients c¢1, ¢z, d1,d2 are smooth functions depending on the energy density ¢ € [0.00) and the

first diagonal:

conditions for G to be positive definite are given by
c1 >0, c2 >0, c1 4+ 2td; > 0, co + 2tds > 0.

The conditions under which the metric G is almost Hermitian with respect to the almost complex

structure J considered above, i.e.
G(JX,JY)=G(X,Y),

for all vector fields X,Y on T'M are given by
Cc1 = )\al, C2 = )\ag,

c1+ 2tdy = (A =+ 2tu)(a1 —+ 2tb1),
co + 2tds = ()\ + 2tu)(a2 + thz),

where A = A\(¢) and A + 2tu = A(t) + 2tp(t) are positive smooth function of ¢ € [0, 00).
Hence we have
Theorem 2,[15]. Let J be a diagonal natural almost complex structure on TM defined by g and
the functions a1, az,b1,b2. Then the family of diagonal natural, Riemannian metrics G on TM defined
by g and the functions ci1,cz,d1,d2 with the property that (T'M, G, J) is an almost Hermitian manifold
must satisfy the conditions
c1 c2 c1 + 2tds co + 2tds

ai az ’ a1 + 2tby as + 2tbs Tzt

where A\, i are smooth functions depending an t and A > 0, A + 2t > 0.

In [15], the first author obtains some classes of natural almost Hermitian structures (G, J) on TM,
these classes are obtained from the well known classification of the almost Hermitian structures in
sixteen classes (see [5]). The results concerning this classification are given by Theorems 4, 5, 6 and 7
in [15].

Some very important particular cases of the almost Hermitian structure obtained in Theorem 2
have been studied further by the present authors. So, if we consider the case when ci(t) = a1(t) =
u(t),b1(t) = di(t) = v(¢), b2(t) = d2(t) = w(t), az(t) = c2(t) = ﬁ, A(t) = 1 and p(t) = 0, where

w(t) = then all the conditions from Proposition 1 and Theorem 2 are satisfied, and we

—_ v
u(u+2tv)?
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obtain the almost Hermitian structure defined and studied by the first author in [18]. in this case we
have

Theorem 3, [18]. In the above conditions, the almost Hermitian manifold (T M, G, J) is an almost
Kaehlerian manifold. Moreover, the almost complex structure J on TM is integrable (i.e. (TM,G,J)
is a Kaehler manifold) if (M, g) has constant sectional curvature ¢ and the function v is given by

c—uv
V= ——— .
2tu’ —u

Also, in [18] the first author obtains the existence of a Kaehler-Einstein structure even in the case
where (M, g) has positive constant sectional curvature, but only on a tube around the zero section in
TM (Theorem 4.2). He also obtains on T'M a structure of Kaehler manifold with constant holomorphic
sectional curvature (Theorem 5.1).

The particular case of the above situation, when the function u(t) = 1, for all ¢ € [0, 00), has been
studied by the first author in [14]. In this case we have

Theorem 4,[14]. (TM,G,J) is an almost Kaehlerian manifold and the almost complex structure
J is integrable if and only if (M, g) has constant sectional curvature ¢ and v = —c. If ¢ < 0 is obtained
a Kaehler structure on whole T M. In the case where the constant c is positive is obtained a Kaehler
structure in the tube around the zero section in T'M defined by t < i

Moreover, in this case it is proved

Theorem 5. If (M,g) has negative constant sectional curvature then its tangent bundle has a
structure of Kaehler Einstein manifold. If (M, g) has positive constant sectional curvature then a tube
around the zero section in T M has a structure of Kaehler Einstein manifold.

Another important case which appear as a singular case is when v(t) = 0 for all ¢ € [0, 00) which
implies w(t) = 0. This case has been studied by the second author in [27], [26]. In this case the author
has obtained

Theorem 6,[27]. Assume that the function u(t) satisfies the condition u(0)u’(0) # 0. Then the
almost complex structure J on TM or on a tube around the zero section in T M 1is integrable if and
only if the base manifold (M, g) has constant sectional curvature ¢ and the function u(t) satisfies the
ordinary differential equation uu' = c, i.e. u(t) = v/2ct + A, where A is an arbitrary real constant.

Another result obtained in [27](see also [26]) is given by

Theorem 7. If n # 2, then the Kaehlerian manifold (TM,G,J) cannot be an Einstein manifold
and cannot have constant holomorphic sectional curvature. If n = 2, then the Kaehlerian manifold
(TM,G,J) is Ricci flat.

Remark that the singular case when v(t) = ’'(t) is studied by the present authors in [20].

4 Almost anti-Hermitian structures of diagonal type T M

In this section we consider the same almost complex structure J on T'M defined as above in Proposition
1, section 3, therefore this Proposition 1 is still valid. We assume that the coefficients which define J
satisfy the conditions a1 > 0,a2 > 0,a1+2tby > 0,a2+2tby > 0 for all ¢ € [0,00). Also, we consider the

l(,;)’ GE]Q_)
as above in Theorem 2, section 3, i.e. G is of diagonal type, but it is no longer a Riemannian metric.

semi-Riemannian metric G defined in the local adapted frames by the same M-tensor fields G

The conditions for G to be anti-Hermitian with respect to J, are obtained from the property
G(JX,JY)=-G(X,Y),

for all vector fields X,Y on TM (see [4], [23] for details). Such a metric is called, sometimes, a Norden
metric.
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The above property of the semi-Riemannian metric G, implies that it has the signature (n,n).
Using the expressions in the adapted local frames we can obtain the explicit conditions for G to be
almost anti-Hermitian. We have

Proposition 8. The semi-Riemannian metric G is anti-Hermitian with respect to the almost
complex structure J on (T'M), i.e. (TM,G,J) is an almost anti-Hermitian manifold, if and only if the
coefficients c1,c2,d1,d2 satisfy the following relations

azci +aicz =0, (a1 + 2tb1)(62 =+ thg) + (az =+ thg)(cl + Qtdl) = 0.

Remark. From the conditions for (T'M, G, J) to be almost anti-Hermitian manifold, we have the
following essential relations

=1 ——_ b
2 = 41 b2 = ay(ay+2tby)
2 2
Co — —C1 do — 2a1b1cy+2tbicy —aydy
2= a%’ 2= a%(al +2tby)2

Hence, only the coefficients a1, b1, c1,d1 can be considered as being essential.

In [21] we get the local coordinate expression of the Levi Civita connection of G, next we study
the existence of some classes of almost anti-Hermitian structures (G, J), defined as above on T'M, and
are interested in the cases where such structures belong to some classes form the classification given
by Ganchev and Borisov in [4](see Theorems 7, 8, 9, 10, 12, 14, 15 and Corollaries 11, 13, 16 in [21]).
In fact we get specific examples in each of the seven classes of almost anti-Hermitian manifolds.

In [22], we have considered the same almost complex structure J on T'M as above, but we considered
the property of the semi-Riemannian metric G in the sense that the vertical and horizontal distributions
VTM,HTM are maximally isotropic. Remark that Proposition 1 is also valid. Moreover, it is proved

Proposition 9. Let (M, g) be an n(> 2)-dimensional connected Riemannian manifold. The almost
complex structure J defined by (3) on TM is integrable if and only if (M,g) has constant sectional
curvature ¢ and the function by is given by

!
aia; — ¢

by = .
! a1 — 2ta)

Remark. The above relations allow us to express two of the coefficients a1, a2, b1, b2 as functions
of the other two; e.g. we have
1 —aoby —by

T - '
a2 ai ’ 2 a1 + 2thy al(a1 —+ 2tb1)

Remark. In the case where the almost complex structure J is integrable, we have:

c—aia)

by = S0
2 a1(a? — 2ct)

Next, we have considered a particular 1-st order natural lift G of g to T'M defining a semi-
Riemannian metric of signature (n,n) on T'M.

This lift is defined by two real valued smooth functions u,v : [0,00) — R and the expression of G
in local adapted frames is defined by the conditions

G(5175]) =0, G(alaaj) =0,

G(0i,6;) = G(6i,05) = ugij + vgoigo;-
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Remark that G is defined, essentially, by the symmetric M-tensor field Gi; = ugs; +vgoigo; of type
(0,2). The condition for G to be nondegenerate is assured if

u # 0, u+ 2tv # 0.

The condition for G to be anti-Hermitian with respect to the almost complex structure J, considered
above, is given by
G(JX,JY)=-G(X,Y),

for all vector fields X,Y on T'M.

The above property of the semi-Riemannian metric G and the almost complex structure J can be
checked easily by a straightforward computation in the adapted local frames. Hence we have [22]

Proposition 10. The semi-Riemannian metric G is anti-Hermitian with respect to the almost
complex structure J, i.e. (TM,G,J) is an almost anti-Hermitian manifold.

In [22] we have considered the almost anti-Hermitian manifold (T'M, G, J) defined in Proposition
10 and we have obtained specific examples for all seven classes of almost anti-Hermitian manifolds
obtained in the classification from [4] (see Theorems 7, 8, 9, 10, 11, 12 in [22].

Remark that the family of general natural almost anti-Hermitian structures on the tangent bundle
of a Riemannian manifold and the integrability conditions for these structures have been studied by
the first author in [16].

5 General natural almost Hermitian structures on TM

Consider the real valued smooth functions a1, az, as, as, b1, bz, bs, bs defined on [0,00) C R. A natural
1-st order almost complex structure on 7'M, defined by the Riemannian metric g, is obtained just like
the natural 1-st order lifts of g to TM are obtained in [9].

Theorem 11.7The natural tensor field J of type (1,1) on TM, given by

J&ii = a1 (t)aiyZ + by (t)ng + a;;(t)% + b4(t)90¢C~',

(5.1)
J o0z = as(t) g + b3(t)g0iC — az(t) 357 — ba(t)g0iC,
defines an almost complex structure on TM, if and only if as = —asz,bs = —bs and the coefficients
ai,az,as,bi,ba and by are related by
aras =1+ a§ , (a1 =+ 2tb1)(a2 =+ thz) =1+ (a3 + 2tb3)2. (5.2)

Remark. From the conditions (2) we have that the coefficients a1, a2, a1 + 2tbi,as + 2tb2 cannot
vanish and have the same sign. We assume that a1 > 0, a2 > 0, a1 + 2tb; > 0, a2 + 2tby > 0 for all
t>0.

Remark. The relations (2) allow us to express two of the coefficients a1, a2, as, b1, b2, b3 as
functions of the other four; e.g. we have:

1+ CL% 2a3bsz — asb1 + 2tb§
az = ——, by =

ai a1 + 2tb

(5.3)

The integrability conditions obtained in [15] are given in the theorem:
Theorem 12. Let (M, g) be an n(> 2)-dimensional connected Riemannian manifold. The almost
complex structure J defined by on T M is integrable if and only if (M, g) has constant sectional curvature
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c and the coefficients b1, bz, bs are given by:

b _ 2czta§+2cta1a/2+u1u’17c+36a§
1= ay —2ta} —2ctag—4ct?al) ’

b2 _ 2ta,32—2ia/1a/2+ca§+2cta2a/2+a1a/2 (54)
ay 72ta'1 72cta274ct2a'2 ’

ba = a1ag+2ca2a3+4cta/2a3725ta2aé
3 = al—Qta/l—Zciag —4ct2a'2

Remark. The second relation in (3) (or in (2)) is identically fulfilled by the expressions b1, be, b3 in
(4).

Remark. Equivalently, the derivatives of the coefficients a1, a2, az can be expressed as functions
Of ai,az,as and bl, bz, b3.

al = m(albl + ¢ — 3ca} — 4ctasbs),
a’z = m(Qagbg — azby — CO/%), (55)
ah = ﬁ(albg — 2cazaz — 2ctazbs).

In the paper [15], the first author studied the conditions under which a Riemannian metric G of
natural type on T'M, defined by

G(52:, 555) = c1gij + digoigo; = G,

G(aai ) %) = ¢29ij + d2goigo; = G

17

3
G2, 327) = G5, 5%) = eagis + dagoigo; = G,
is almost Hermitian with respect to the general almost complex structure J, i.e.
G(JX,JY)=G(X,Y),

for all vector fields X,Y on T'M. He proved the following result

Theorem 13. The family of natural, Riemannian metrics G on TM such that (TM,G,J) is an
almost Hermitian manifold, is given by (6), provided that the coefficients c1,cz,c3,d1,d2, and ds are
related to the coefficients a1, az,as, b1, b2, and bs by the following proportionality relations

a_e_a_,
al az as

c1 + 2tdy _C2 + 2tds _c3 + 2tds

a1 + 2tby - as + 2tbs - asz + 2tbs

where the proportionality coefficients A > 0 and X\ + 2t > 0 are functions depending on t.

= X+ 2tpu,

Remark. In the case where as = 0, it follows that ¢3 = ds = 0 and we obtain the almost Hermitian
structure considered in [30]. Remark that the functions used in [30] are slightly different of the functions
used in the present paper. Moreover, if A = 1 and p = 0, we obtain the almost K&ahlerian structure
considered in [18].

In [17], the first author has proved

Theorem 14. The almost Hermitian structure (TM, G, J) is almost Kdhlerian if and only if

u=\. (5.7)
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Thus the family of general almost K&hlerian structures on TM depends on five essential coefficients
ai,as,bi,bz, A\. Combining the results from the theorems 12, 13 and 14, we obtain that a general
natural Kéhlerian structure (G, J) on TM is defined by three essential coefficients a1, as, A\. However,
these coefficients must satisfy the supplementary conditions a1 > 0,a1 + 2tb1 > 0, A > 0, A + 2tu > 0.
Examples of such structures can be found in [30] (see also [18]).

A very important result obtained in [3] is given by the following theorem:

Theorem 15. The Kdahlerian manifold (T'M,G,J) with G and J obtained as natural lifts of
general type of the Riemannian metric g on the Riemannian manifold (M, g), has constant holomorphic
sectional curvature k if and only if the parameter \ is expressed by

. 4aic
A= k(a? 4 2ct + 2a3ct)’ (5-:8)

6 General natural Einstein Kéahler
structures on the tangent bundle

The Levi-Civita connection V of the Riemannian manifold (7'M, G) is obtained in [3].
Theorem 16.The Levi-Civita connection V of G has the following expression in the local adapted

frame (%,.. BL % D)
0 0 ~n. O h O
—= — = I‘ + Pi;)— + Pj; —
V 8’y Ql] 8 h Ql] 5:L‘h7 7 'i 8y‘7 ( ]Z)a h + J 613}1
B ho o~ 6 5 ho, Thy O n 0
V 7 oz =Pigm oxh + P”5 h? 511 Sz = (T + 5”)5 Rt 5 gy oy’

where F?j are the Christoﬁel symbols of the connection V and M -tensor fields appearing as coefficients
in the above expressions are given as

Qly = 3G + 0,6 — G VHE + 3(0.GS) + 0,65 HES,
Qly = Lo, G(2) +9 G(2> wGEVHED + 50,65 + 0,65 HER,

Pl =15 G? O G(?) i+ 30 G% +R0]kG§Z))H<U,
Pl = L(0:G}}) — onGSVHED + $(0:GY)) + R, GV HED,

Sh
§h

(akG(2> + ROz]Gl(Iz>) + CSRzO]kH(B)v
(akG 1> + ROz]G )H(3> =+ C3R10]kH(1).

_1
2
_1
2

Here Rﬁij are the components of the curvature tensor field of the Levi Civita connection V of the base
manifold (M, g).

Taking into account the above expressions and by using the above formulas we can obtain the
detailed expressions of P, ”, Q”, SZ, PZ}, Q?]-, §Z

The curvature tensor field K of the connection V is defined by the well known formula

K(X,Y)Z:vayZ*VYVXZ*V[X,y]Z, X,Y,ZGF(TM).

By using the local adapted frame (aii , %), i,7 =1,...,n we obtain, after a standard straightfor-
ward computation
o 0 é é n O

(5, 50 557 = XXX X0l 5 + XXXV 3y
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K(éii : %) ajk = XXYX;?U&% + Xxyyk’;ja;;
(azw aij ) % = YYXXQU(S% + nyy,g;j%7
(5%7 aiyj)aiyk = YYyX,izj(s;ih + Yyyyk*;ja;;

K(azi ; %) % = YXXX;?U&% + YXXYk’;ja;Zhy
(aiyiv %) azk = YXYX;Z-]-% + YXYY,C};J.%’

where the M-tensor fields appearing as coefficients are given by
XXXXii; = 8iSjh + PliSjr — S51Sik — Pl Sty + Riss + Roy; Pik
XXXYI::;]' = §§kSZ + ﬁz}fsglk - gzl'ks;'ll - ﬁl};sfk + ﬁl}lbcRé)ij_
—%Vz‘RSjng)HS) + ¢3ViRjokn,
XXYXI?Z‘J‘ = ﬁlijljl]; + Plf;jgﬁ - ﬁlizf)l}gl - Pléig;‘il + Rf)ij@?}m
XXYYk}Zj = ﬁzigﬁz}; + PlijSZ — ﬁllczﬁl}; - Pxéisfz + R%)ijQ?k + RZW
YY XXy = 0iPji — 0; Pk + Py Qi + Pjy. Pl — PiQli — Pic Py,
YYXY{i; = 0:Pjy — 0Pl + PLQii + PPy — PLQf — Pi P,
YYYXiy; = 0:Q0 — 0;Qu + Q5 Qi + Q5P — Qi Qi — Qin Py,
YYYYIZ]' = 81'Q;'Lk - 8jQ7};Lk + QékQZ + éékf)ﬁ - QikQ?l - @ikﬁﬁ,
YXX XLy = 0iSj + SixQii + i Pl — PiwPly — Pi.Sj — Vi Rou Gl HYY
YXXY/Q;‘ = aiS;}‘Lk + Sgl'kQ?l + §;kﬁ£ - ﬁzlkﬁl}; - ilkSg}'zl - ijSikG»s?)H}(j)’
YXY X} = 0P + PiyQii + P Pl — Qi Pl — QinShh,
YXYYy; = 0P + Py Qi + PPl — Qi Pl — QiaSii.

Remark that, due to the condition for (M, g) to have constant sectional curvature, we have VRZ,-]- =
0, and the above formulas become simpler.

The condition under which the Kéhlerian manifold (TM, G, J) is an Einstein manifold, i.e. Ric(X,Y) =

LG(X,Y) has been studied by the present authors in [24]. We obtain that the following equation must
be fulfilled:

—(a?a'l)\ + 2ai1cA + 2a; agc)\ +a)N — 2dient — 2a'1a§c/\t + dajazazcht+

2a1eN't + 2a1a§c)\'t)(a?a/1)\2 +2ataseN® + aSaN — a‘lla'12)\2t—

4ai’a’10)\2t — 4a:fa'1 a?,c)\Qt + 4a‘11a3a'30/\2t — 4aichA/t + 4a§la§c/\/\/t + a§/\/2t+
4a%a/126)\2t2 + 4a%a’12a§c>\2t2 — 8adalasaseN*t? + dara) PN + 8aralar A N P+
daralaz® N2t — 8aTasas P A%t — 8atabas P N2 + daiP AN+
Safagczx\)\/t2 + 4a§a§CQAA't2 — 4a§cA'2t2 + 4a411a§c/\'2t2—
4a'1202)\2t3 - 8a'12a§CQA2t3 — 4a’12a§02)\2t3 + 16a1a/1a3a§,c2/\2t3+
16a1a)a3abE %t — 16a%a§a§,202)\2t3 + 4a%02)\/2t3 + 8a§a§cz)\'2t3—|—
4a%a§c2)\'2t3)(a‘;’ — 2aiait — 2a1ct — 2a1a3ct + 4’ ct® + 4aia3ct® — 8ayazaset®) = 0.
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and we have the following three cases, according to the vanishing of each of the three factors from this
equation.

Case I) (The vanishing of the first factor). In this case we obtain the following expression of A (see
[24]

2a1¢(n+ 1)
A= . 6.1
L(a2 + 2ct + 2a3ct) (6-1)

We see that this expression of A is (up to some change of constants) the same with the expression

of A in (8), in the case of the natural Kihlerian structures of general type on the tangent bundles of
constant holomorphic sectional curvature. Thus we can state the following result [24]:

Theorem 17. Let (TM,G,J) be the Kahlerian manifold, with G and J obtained as natural lifts
of general type of the Riemannian metric g on the base manifold M. Assume that the parameter A is
expressed by (9), where L is a nonzero real constant. Then (TM,G,J) is an Einstein Kdhler manifold,
i.e. Ric(X,Y) = LG(X,Y), for all vector fields X andY on TM.

Remark. Taking into account of Theorem 15 in we remark that the expression (9) of A implies
2L

nti-
Remark. In the particular subcase where as = 0 and A = 1 we obtain Theorems 4.2 and 5.1 from

[14].

that the Kéhlerian manifold (T'M, G, J) has constant holomorphic sectional curvature k =

Case II) (The vanishing of the second factor). The relation obtained in this case can be thought
of as an equation of second order in )\’. This equation can be solved easily and we get some quite
interesting results related to the property of (T'M, G, J) to be Kahler Einstein. First of all we shall use
the following notation

A= \/a‘l1 — da?ct + 4a2aict + 4c*1? + 8a3c?t? + 4ajc?t?

and we show that the expression under square root is > 0, i.e. A is real.
Then the solutions of the equation from the case II) are

1

N =X—=
( 2t

a3 — 2a3a)t — 2a1ct — 2a1a3ct + 4a)ct® + daiaict? — SalagaéctQ)

2a1tA ’

Consider only the case of the solution with 4+ and in this case we obtain that the expression of A is

given by (see [24])

n(a? + 2ct + 2a3ct — A)
4(11 Lt '

By using this expression of A in the condition for (ToM, G, J) to be an Einstein manifold, we obtain,

A=

(6.2)

after quite long computations the property Ric — LG = 0. Hence we state

Theorem 18. Let (ToM, G, J) be the Kihlerian manifold, with G and J obtained as natural lifts
of general type of the Riemannian metric g on the base manifold M. Assume that the parameter X
s expressed by (10), where L is a nonzero real constant. Then (ToM,G,J) is an FEinstein Kahler
manifold.

Remark. In the particular case where a1 = 1, a3 = 0 and assuming that A = 1, we obtain the
main result obtained by the first author in [13] (Theorem 5).

In the case IIT) (the vanishing of the last factor), replacing a’, aj from (5) we obtain that the last
factor becomes

at —dadct + 4a2aict + 4%t + 8a2ct? + dajc?t? . A?

a1 + 2tb1 a1 + 2tbl >0
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Therefore, in this case, the first member of the considered equation is always positive, i.e. the
Kahlerian manifold (T'M, G, J) cannot be Einstein.

Remark. In the particular subcase, where as = 0 and ¢ > 0, it follows that a1 = v/2c¢t and
the obtained Ké&hlerian structure is that defined by the Lagrangian L on To M studied by the present
authors in [20]. Therefore we obtain Proposition 7 in [20], i.e (ToM,G,J) cannot be an Einstein
manifold.

General remark. From the above results it follows that 7'M endowed with a K&hlerian structure
(G, J) of general natural lift type is Einstein if and only if it has constant holomorphic sectional
curvature. The subset ToM C T'M becomes Einstein if and only if the parameter A is given by (10).
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