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Abstract

In this note we discuss the problem of existence of para-hyperhermitian structures on
compact complex surfaces. We construct examples of para-hypercomplex structures on
Inoue surfaces of type S~ which do not admit compatible metrics.
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1 Introduction

Hypercomplex and hyperkahler structures have been studied for a long time and many interesting
results and relations with other fields have been established. Recently there is a growing interest in
their pseudo-Riemannian counterparts too due to the fact that important geometry models of string
theory carry such structures [15]. The para-hyperhermitian structures arise as a pseudo-Riemannian
analog of the hyperhermitian structures and it is well known [12] that in four dimensions they lead to
self-dual metrics of neutral signature. There are many other similarities between these two structures,
but there are also significant differences. For example, the para-hypercomplex structures, the neutral
analog of hypercomplex structures, exist in any even dimension (not only in that divisible by 4) and,
in contrast to the latter, they may not have compatible metrics.

An almost para-hypercomplex structure is a triple (Ji, Jo, J3) of anti-commuting endomorphisms
of the tangent bundle with J? = —J2 = —J2 = —Id. When the structures Ji, J2, J3 are integrable it
is called para-hypercomplex. There are two natural classes of metrics compatible with such structures.
The first one consists of the neutral metrics for which the structure J; is an isometry while J2 and J3
are anti-isometries. These metrics, called para-hyperhermitian in this paper, give rise to three 2-forms
defined in the same way as the Kéhler forms in the positive definite case. When they are closed the
structure is called hypersymplectic [9], para-hyperkéahler [3], hyper-parakdhler [10], neutral hyperkahler
[11], pseudo-hyperkéhler [7], etc. The second class consists of positive definite metrics, for which the
structures Ji, J2, J3 are isometries. Such metrics always exist and the analog of the Kéhler form for
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the structure Js2 is a symmetric form which is in fact a neutral metric such that Ji and Js are anti-
isometries but Js is an isometry. As pointed out in [1], neutral metrics with this property are interesting
in relation with the doubled geometry models of string theory, introduced by C. Hull [8]. We should
note however that the existence of para-hyperhermitian metrics leads to some additional obstructions
and a purpose of this note is to clarify the problem for their existence.

The paper is organized as follows. After the preliminary definitions (Section 2) we recall in Section
3 Kamada'’s classification [11] of compact para- hyperkéhler surfaces and relate them to the existence of
parallel null vector fields. Then in Section 4 we establish some necessary conditions for the existence of
a para-hyperhermitian metric with respect to a given para-hypercomplex structure on a 4-manifold and
show that any two such metrics are conformally equivalent. In the last section we show that the Inoue
surfaces of type ST have para-hyperhermitian structures and provide examples of para-hypercomlex
structures on Inoue surfaces of type S~ which do not admit compatible para-hyperhermitian metrics.

2 Preliminaries

A pseudo-Riemannian metric on a smooth 4-manifold M is called neutral if it has signature (+, +, —, —).
Unlike the Riemannian case, there are topological restrictions for existence of a neutral metric on a
compact manifold since it is equivalent to existence of a field of tangent 2-planes [17|. We refer to [13]
for further information in this direction.

An almost para-hypercomplex structure on a smooth 4-manifold M consists of three endomorphisms
Ji, Ja, J3 of T M satisfying the relations

Ji=—Ji=—Ji=—Id, J1Jo=—JoJy =Js (1)

of the imaginary units of the paraquaternionic algebra (split quaternions). A metric g on M is called
compatible with the structure {J1, J2, J3} if

g(N1 X, 1Y) = —g(J2 X, oY) = —g(J3X, J3Y) = g(X,Y) (2)

(such a metric is necessarily of split signature). In this case we say that {g, J1, J2, 3} is an almost
para-hyperhermitian structure. For any such a structure we define three 2-forms ; setting Q;(X,Y) =
9(J: X,Y), ¢ = 1,2,3. If the Nijenhuis tensors of Ji,J2,J3 vanish, the structure {g, Ji, J2, J3} is
called para-hyperhermitian. When additionally the 2-forms ©,(X,Y) = g(J; X,Y") are closed, the para-
hyperhermitian structure is called para-hyperkéahler. It is well known [12] that the para-hyperhermitian
metrics are self-dual, whereas the para-hyperkéhler metrics are self-dual and Ricci-flat.

It is an observation of Hitchin [9] (see also [11]) that any para-hyperkéhler structure is uniquely
determined by three symplectic forms (21, Q2, Q3) satisfying the relations

2 =03=02, UAQn=0,1#m.

A similar characterization holds for para-hyperhermitian structures [10, [11]. They are uniquely
determined by three non-degenerate 2-forms (1, 22,3) and a 1-form 6 such that

—P=05=05, UAQn=0,1#m, dU=60AQ. (3)

For any para-hyperhermitian structure on a 4-manifold M, the 2-form 2 = Q2 + €23 is of type
(2,0) with respect to the complex structure Ji, hence the canonical bundle of the complex manifold
(M, J1) is smoothly trivial. Using the well-known classification of compact complex surfaces it follows
that para-hyperhermitian structures can exist only on the following surfaces: complex tori, K3 surfaces,
primary Kodaira surfaces, Hopf surfaces, Inoue surfaces of type S, S?\:, and properly elliptic surfaces
of odd first Betti number. Note that except the K3 surfaces all these surfaces can be represented as
quotients of Lie groups factored by cocompact discrete subgroups (more details will appear in [5]).
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3 Para-hyperkahler surfaces

As is well known (c.f. [2]), any compact hyperkéhler surface is either a complex torus with a flat
metric or a K3-surface with Calabi-Yau metric. In the neutral case, the (2,0)-form Q = Q5 + Qs
is holomorphic (even parallel), so the canonical bundle is holomorphically trivial. Using this fact
H.Kamada [11] proved the following

Theorem 1. If (M,g,J1,J2,J3) is a compact para-hyperkihler surface, then the complex surface
(M, J1) is biholomorphic to a complex torus or a primary Kodaira surface.

Moreover, Kamada [11][12] obtained a description of all para-hyperkéhler structures on both types
of surfaces.

Theorem 2. For any para-hyperkdhler structure on a complex torus M = (C2/F there are complex
coordinates (21, 22) of C2, such that the structure is defined by means of the following symplectic forms:

Q1 = Im(dz1 A dZz2) + (i/2)00¢p,

Qo = Re(d21 AN de), Q3 = Im(dz1 A dZQ),

where p is a smooth function such that
4iIm(dz1 A dz2) A 00p = 30 N OO¢p. (4)

Conversely, any three forms Q1,Q2, Qs of the form given above determine a para-hyperkdhler structure
on the torus. Moreover, its metric is flat if and only if ¢ is constant.

Let us note that if M is a product of two elliptic curves, then there are non-trivial solutions of the
equation ([12]) and it is not known if such solutions exist when M is not a product.

Before stating Kamada’s result about primary Kodaira surfaces, we recall their definition.

Consider the affine transformations p;(z1, 22) = (21+ai, z2+a;21+b;) of C?, where a;,b;, i = 1,2, 3,4,
are complex numbers such that a1 = a2 = 0, Im(asas) = bi1. Then p; generate a group G of affine
transformations acting freely and properly discontinuously on C?. The quotient space M = C?/G is
called a primary Kodaira surface.

Theorem 3. For any para-hyperkdahler structure on a primary Kodaira surface M there are complex
coordinates (z1, za) of C* such that the structure is defined by means of the following symplectic forms:

O = Im(dz1 A dEQ) -+ iR6(21)d21 Ndzy + (7:/2)8590,

Qs = Re(edzy Adz2), Q3 = Im(edz1 A dz),

where 0 is a real constant and ¢ is a smooth function on M such that
4i(Im(dz1 A dZ2) + iRe(21)(dz1 A dZ1)) A 00p = 00p A O (5)

Conversely, any three forms Q1,Q2, Q3 of the form given above determine a para-hyperkdhler structure
on M. Moreover, its metric is flat if and only if p is constant.

Note that any primary Kodaira surface is a toric bundle over an elliptic curve and the pull-back
of any smooth function on the base curve gives a solution to (5). This shows that the moduli space
of para-hyperkéahler structures on a primary Kodaira surface is infinite dimensional, which is in sharp
contrast with the positive definite case.

Non-compact examples of para-hyperkahler mnifolds can be constructed by means of the so-called
Walker manifolds.
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Recall that a Walker manifold is a triple (M, g, D), where M is a smooth manifold, g an indefinite
metric, and D a parallel null distribution. The local structure of such manifolds has been described by
A.Walker [18] and we refer to [6] for a coordinate-free version of his theorem. Of special interest are
the Walker metrics on 4-manifolds for which D is of dimension 2 since they appear in several specific
pseudo-Riemannian structures. For example, the metric of every para-hyperkéhler structure is Walker,
D being the (+1)-eigenbundle of either of its product structures.

According to [18], for every Walker 4-manifold (M, g, D) with dim D = 2, there exist local coordi-
nates (z,y, z,t) around any point of M such that the matrix of g has the form

0 0 1 0
0 0 0 1

I(wy:2t) = 1 0 a c¢ (©6)
01 ¢ b

for some smooth functions a, b and ¢. Then a local orthonormal frame of T'M can be defined by

1— 1-b
ey = Taax + 0-, €2 = Tay + 0 — O,
1 145
8327#8z+az, e4:7%ay+atfcaz~

Let {J1, J2,J3} be the (local) almost para-hypercomplex structure for which Jie1 = ez, Jies = ea,
Joe1 = e3, Joez = —ey, Jze1 = eq, Jzez = ez. This structure is compatible with the Walker metric g,
thus we have an almost para-hyperhermitian structure, called proper in [14].

The next two results have been proved in [4].

Theorem 4. The structure (g, J1, J2,J3) is para-hyperhermitian if and only if the functions a, b and
¢ have the form

a=x*K+zP + &,
b=y’K +yT +n,
c=azyK + taT + tyP + 7,
where the capital and Greek letters stand for arbitrary smooth functions of (z,t).

Theorem 5. The structure (g, J1, J2, J3) is para-hyperkdhler if and only if the functions a, b and ¢ do
not depend on x and y.

In particular, the above theorem shows that the neutral Kahler metrics considered by Petean [16]
are all para-hyperkahler and hence self-dual and Ricci-flat.

By the Kamada results mentioned above, any compact para-hyperkahler surface admits two parallel,
null and orthogonal vector fields. Conversely, Theorem [5] together with the Petean’s classification of
neutral Ricci-flat Kéhler surfaces ([16]) leads to the following

Theorem 6. Let (M, g) be a compact oriented neutral 4-manifold with two parallel , null and orthogonal
vector fields. Then M admits a para-hyperkdhler structure {g, J1,J2, J3}, so (M, J1) is biholomorphic

to a complex torus or a primary Kodaira surface.

A detailed proof of this theorem will appear in [5].
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4 Existence of para-hyperhermitian metrics

In this section we discuss the problem of existence of a metric compatible with a given (almost) para-
hypercomplex structure.

A (linear) para-hypercomplex structure on a vector space V is a triple {J1, Jz, J3 } of endomorphisms
of V satisfying the relations (1). Note that such structures exist on any even-dimensional vector space.
A metric g on V is called compatible with the structure {Ji, J2, Js} if the identities are satisfied.
In this case we say that {g, J1, J2, J3} is a (linear) para- hyperhermitian structure on V.

If we are given a hypercomplex structure {J1, J2, J3} and g is any positive definite metric on V', then
MX,Y)=9(X,Y)+g(h1 X, 1Y)+ g(J2 X, J2Y) 4+ g(J3 X, J3Y) is a positive definite metric compatible
with {J1, J2, J3}. In the case of a para-hypercomplex structure, some authors suggest, by an analogy,
to consider the bilinear form h(X,Y) = g(X,Y) + g(J1 X, 1Y) — g(J2 X, J2Y) — g(J3X, J3Y') where g
is a metric. This symmetric form is compatible with the given para-hypercomplex structure but it may
be degenerate.

Example. Let ey, ez, e3, e4 be the standard bases of R* and let {J1, J2, J3} be the para-hypercomplex
structure on R* for which Jie; = e, Jies = eq, Joer = e3,Jaes = —eq, Jze1 = eq,J3ea = e3. If g
is the standard metric on R*, then the endomorphisms Ji, Jo, J3 are isometries of g, hence the form
MX,Y)=9(X,Y)+g(/1 X, 1Y) —g(J2 X, J2Y) — g(J3X, J3Y) is identically zero. Similarly, if g is the
metric for which e, ..., e4 is an orthogonal basis with g(e1,e1) = g(es,es) =1, g(ez, e2) = glea,eq) = —1
(in this case Ji and Js are anti-isometrices, while Js is an isometry).

The next observation is implicitly contained in [12].

Lemma 7. Let {J1,J2,J3} be a para-hypercompler structure on a vector space V. Let VE be the
+1-eigenspace of the endomorphism Jz2. Then there is a bijective correspondence between the set of
non-degenerate skew-symmetric 2-forms on the space VE and the set of metrics on V. compatible with
the given para-hypercomplex structure.

Proof: Let h be a non-degenerate skew-symmetric 2-form on V. Extend this form to a form on
the whole space V setting h(V,V ™) = h(V™,V) = 0. Now set g(X,Y) = h(X, 1Y) + h(Y, J1 X) for
X,Y € V. Then g is a symmetric bilinear form on V and g(J1X, /1Y) = ¢g(X,Y). Note that the
spaces V¥ are g-isotropic since J; interchanges VY and V™. Let X = Xt + X, Y =Yt + Y~ be the
Vi-decomposition of arbitrary vectors X, Y € V. Then g(J2X, oY) = h(J2 X, J3Y) + h(J2Y, J3X) =
R(XT,J3Y ") + h(YT,J3X ™) since J3 interchanges V't and V~. On the other hand, g(X,Y) =
MXT, LY ) +h(Y T, hX )= —h(XT, WY ) —h(Y T, 1o X)) = —h(XT, 5Y ) —h(Y T, J3X 7).
Thus g(J2X, oY) = —g(X,Y). It follows that g(J3X, J3Y) = —g(X,Y) since J3 = J1J2. Finally, the
identity g(X,Y) = (X", J1Y ") + (Y, J1X ") and the fact that h is non-degenerate on V't imply
that g is non-degenerate.

Conversely, let g be a metric on V' compatible with the para-hypercomplex structure {Ji, Jo, Js}.
Then the spaces VT are g-isotropic. It follows that h(A, B) = %g(JlA, B), A,B € V', is a non-
degenerate skew-symmetric 2-form. It is easy to check that h yields the metric g. O

The proof above gives also the following

Proposition 8. Let {J1, J2, J3} be an almost para-hypercomplex structure on a four-manifold M. Let
VE be the subbundle of TM corresponding to the eigenvalue +1 of Jo. The manifold M admits a metric
g compatible with the given para-hypercomplex structure if and only if the bundle V* is orientable.

The bundle V¥ is orientable iff the linear bundle A?V* is trivial. It follows that if H*(M,C*) =0
where C* is the sheaf of non-vanishing smooth real-valued function on M, then V% is orientable, hence
{J1, J2, J3} admits a compatible metric.
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It is well-known that for every vector bundle there is a double cover of its base such that the
pull-back bundle is orientable. Therefore we have the following

Corollary 9. For any almost para-hypercomplex structure on a four-manifold M there is a double
cover of M such that the pull-back para-hypercomplex structure on it admits a compatible metric.

Proposition [8 and the fact that any bundle on a simply connected manifold is orientable imply

Corollary 10. Any almost para-hypercomplex structure on a simply connected four-manifold M admits
a compatible metric.

We should emphasize that, in contrast to the definite case, not every para-hypercomplex structure
admits a compatible metric. Examples of such structures on Inoue surfaces of type S~ will be provided
in the last section. Other examples can be constructed on hyperelliptic surfaces [5].

The next fact is well-known [3] and easy to prove.

Lemma 11. Let {g, J1, J2, J3} be a para-hyperhermitian structure on a vector space V.. A vector w € V
is g-non-isotropic if and only if w, Jyw, Jow, Jaw ts a basis of V.

Proof: The vectors w, Jyw, Jow, Jsw are g-orthogonal. Thus, if w is non-isotropic, they form a basis.
Conversely, suppose that w, Jiw, Jow, Jsw is a bases. Take a vector e1 € V with |le1]|g = 1. Then
e1,e2 = Jier, ez = Jae1,eq = Jzeq is a g-orthonormal basis of V. Let (w1, w2, ws, w4) be the coordinates
of w with respect to this basis. Then the coordinates of Jiw, Jow, Jsw are Jiw = (—w2, w1, —w4, w3),
Jow = (w3, —wa, w1, —w3), Jsw = (wa, w3, w2, w1). It follows that the transition matrix from the bases
(w, Jiw, Jaw, Jsw) to the bases (e1, ez, €3, e4) has determinant equal to (wi + w3 — w3 — w3)? = ||w||j.
Hence w is non-isotropic. (I

This observation implies that any metric compatible with a para-hyper-complex structure is of split
signature.

Lemma 12. Let {Ji,J2,J3} be a para-hypercomplex structure on a vector space V. Let g and h be
two compatible metrics. If w is an h-non-isotropic vector, then it is also g-non-isotropic and g = A h,
where A = g(w, w)/h(w,w).

Proof: It is clear that the identity g(X,Y) = g(w,w)/h(w,w) h(X,Y) holds when X =Y = w, J1w,
Jow, Jsw. Hence it holds for every X,Y € V since w, Jyw, Jow, Jsw is a basis which is g- and h-
orthogonal. In particular, g(w,w) # 0. O

Proposition 13. If {J1,J2, J3} is an almost para-hypercomplex structure on a four-manifold M and
g,h are two compatible metrics, then there exists a unique non-vanishing smooth function f on M such
that g = f h.

Proof: Every point of M has a neighbourhood with an h-non-isotropic vector field W on it and the
proposition follows form Lemma [12 O

Corrolary [9]and Proposition[13 imply the following

Proposition 14. FEvery para-hypercomplex structure on a 4-manifold M determines a conformal class
up to a double cover of M.
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5 Inoue surfaces of type S*

It is well-known [3,10] that the Inoue surfaces of type ST admit para-hyperhermitian structures. In
this section, we show that, in contrast, any Inoue surface of type S~ has a para-hypercomplex structure
which does not admit a compatible metric. Before that we recall the definition of the Inoue surfaces of
type S*.

Let p, g, r be integers, t a complex number, and N € SL(2,7Z) a matrix with eigenvalue o > 1 and
1/a. Denote by H the upper half-plane of the complex plane C. The Inoue surface S:,q,r,z,
as a quotient of H x C by the action of the group generated by following transformations:
¢o(z,w) — (az,w +t)
¢i(z,w) = (z+as,w+biz+¢), i=12
¢3(Z7 w) - (va + A)v
where (a1,a2) and (b1,b2) are real eigenvectors of N corresponding to o and 1/, and A = (bias —

~ is obtained

baa1)/r. Here, the constants ¢; are real numbers determined by as, bs, p, g, 7, and the eigenvalues of N.
The (1,0)-forms
I — sIn(l
6, — dz and 0 = dw — LY sIn(Im z)
Imz Imz

where s = Imt/In a are invariant under this action and the corresponding dual (1,0)-vector fields are:

dz

E1:(Imz)%—&—(lmw—sln(lmz))% and EQZ%.

It is easy to see that
do, = (—1/2i)01 /\E, dfs = (1/2i)(91 A 0> — 01 /\@—i— sf1 /\E)

From here one gets
d(91 AN 92) = —(Im@l) WA R

thus the (2,0)-form Q = 01 A 62 satisfies the relation d2 = —Im 61 A Q.
Set 1 = Re(61 A 02). Then one can check that
dQ1 = —Im6, AQy, Qf = —(ReQ)’ = —-(ImQ)* = %91 AO1 A B2 A Bs.

Therefore the triple (21, Re 2, Im Q) defines a para-hyperhermitian structure on S;’qmt’N.

The definition of Inoue surfaces of type S~ is the same as those of type ST, but in this case ¢o
is defined as ¢o(z,w) — (az, —w). It is clear that any surface S~ is a quotient of a certain surface
ST with ¢ = 0 by the action of the involution ¢ : ST — ST given by o(z,w) = (2, —w). Then for
the (1,0)-forms 61 and 62 defined above, we have ¢*61 = 61, o*02 = —602. Therefore 0" = -
and ¢*Q = —Q, hence the para-hyperhermitian structure on St defined above does not descend to
S7. Nevertheless, we show below that the surface S~ admits a para- hypercomplex structure with
no compatible metric. Notice first that the para-hypercomplex structure on St defined by the para-
hyperhermitian structure (1, Re 2, Im §2) does descend to S~ . Indeed, the map o is an anti-isometry
with respect to the metric of this structure since it preserves the complex structure and o*(21) = —Q4.
This, the identity ¢*Q = —Q and the fact that ¢ is an involution imply that o preserves also the two
product structures. Hence the para-hypercomplex structure descends to S™. On the other hand, if we
suppose that there is a metric on S~ compatible with the induced para- hypercomplex structure, its
pull-back would be a metric compatible with the para- hypercomplex structure on S*. But, according
to Proposition [13, in real dimension 4, any two metrics compatible with the same para-hypercomplex
structure are conformally equivalent. So there would be a nowhere vanishing real-valued function f on
ST for which fQ is the pull-back of the (2,0) - form on S~ associated with the para-hyperhermitian
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structure there. Since f( is o-invariant and o*(2) = —Q, we have f(o(z)) = —f(z) for every z € S+.
But this contradicts to the fact that f has a fixed sign. So the para-hypercomplex structure on S~
defined above does not admit a compatible metric.
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