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Abstract
The goal of this paper is to prove existence results for some eigenvalue
problems in which is involved a class of nonlinear operators which perturb
the Laplace operator. Our proofs rely essentially on the Banach fixed point
theorem and on a minimization technique.
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1 Introduction and main results

The study of eigenvalue problems of various differential operators captured an
enormous interest in the last decades. A large variety of papers pointed out dif-
ferent phenomena which can occur on the spectrum of certain differential opera-
tors. We just remember the recent advances in [3, 4, 5, 7, 8, 9, 10, 11, 12, 15, 16].
The goal of this paper is to point out certain results on an eigenvalue problem
in which we perturb the Laplace operator in a sense that will be described later.
More exactly, in this paper we are concerned with the study of an eigenvalue
problem of the type

—div(A(Vuw)) = Au, for x € (1)
u =0, for z € 09,

where Q@ ¢ RY (N > 3) is a bounded domain with smooth boundary, A > 0
and A : RY — R is a function which represents a perturbation of the Laplace
operator that will be specified later in the paper.

In the case when A(£) = € for all £ € RN problem (1) goes back to the
classical problem

—Au=>u, for ze€Q 2)
u =0, for x € 0.
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A real number ) is called an eigenvalue of problem (2) if there exists u € Hg () \
{0} such that

/Vchpdx:)\/ugodx, Vo€ HH Q).
Q Q

The function w is called an eigenfunction associated with the eigenvalue \.

It is known (see e.g. Brezis [1], Theorem IX.31) that for problem (2) there
exists a nondecreasing sequence of positive eigenvalues {\,,} such that A\, — oo
as n — oo. More exactly, the spectrum of the Laplace operator is discrete on
bounded domains with smooth boundary. Furthermore, A; is the minimum of

the Rayleigh quotient
/ |Vul|? d
AL = min e
ue Hy ()\{0} / W2 doe
Q

and is called the principal frequency. The associated eigenfunction u describes
the shape of a membrane when it vibrates emitting its gravest tone, cf. Polya and
Szego [13]. Tt is known that A; is simple, i.e. all the associated eigenfunctions u
are merely constant multiples of each other (see e.g. Gilbarg and Trudinger [2]).
Moreover, the first eigenfunction never changes signs in 2. On the other hand,
higher eigenvalues are not simple (see e.g. Polya and Szego [13]).

This time we study problem (1) when div(A(Vu)) is a perturbation of the
Laplace operator. Thus, throughout this paper we assume that A is of the type

A(E) = (A1(8), ... An(€)), VE=(&,....&nv) €RY,

with A1, ..., Ay : RY — R and for any i € {1,..., N} either A;(&) = cos(&;) +2¢;
or "41(6) = Sln(&l) + 2€i7 for all g = (517 ,€N> € RN

Definition 1. We say that A € R is an eigenvalue of problem (1) if there exists
u € HE(Q)\ {0} such that

/ A(Vu)Ve de = )\/ up dr, V@€ Hi(Q).
Q Q

We prove that the operators of the type described above possess a continuous
family of positive eigenvalues in a right neighborhood of the origin excepting the
case when A;(z) = sin(x;) + 2x; for all ¢ € {1,...,N} and all z € Q. However,
even in that case we can prove the existence of at least one positive eigenvalue.
The main results of our study are given by the following theorems:

Theorem 1. Assume that there existsiog € {1, ..., N} such that A, (x) = cos(x;, )+
2z;, for allz € RN. Then any A € (0, 1) is an eigenvalue of problem (1), where
A1 is the first eigenvalue of the Laplace operator.
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Theorem 2. Assume that for any i € {1,..., N} we have A;(x) = sin(x;) + 2z;
for all z € RN. Then there exists at least a positive eigenvalue X of problem (1),
such that A > A1 where Ay is the first eigenvalue of the Laplace operator.

Theorem 3. Assume the hypotheses of Theorem 1 are fulfilled. Then there exists
at least a positive eigenvalue A of problem (1), such that A > A\ where \1 is the
first eigenvalue of the Laplace operator.

Throughout this paper we denote by (.,.) the scalar product on the Sobolev
space H} () and by ||.|| the corresponding norm on H}(Q), i.e.

1/2
(u,vy = / VuVou dz, |ul = (/ |Vul? dx) .
Q Q

We also denote by ||.||z2 the norm on the Lebesgue space L?(£2), i.e.

1/2
llu|lLz = (/ u? daz) .
Q

2 Proof of Theorem 1

In order to prove Theorem 1 we use a method borrowed from the proof of a
nonlinear version of the Lax-Milgram Theorem (see Zeidler [18], Section 2.15).
Our proof will use as main tool the Banach fixed point theorem (see Zeidler [18],
Section 1.6).

First, we define the operators a : Hi(Q) x H}(Q) — R by

a(u,v) = / A(Vu)Vo dz, Yu,v € H(Q)
Q
and by : H}(Q) x HE(2) — R by
ba(u,v) = )\/ wo dz, Y u,v€ H(Q).
Q

It is enough to show that for any A € (0, A1) there exists u € HE(Q) such that
a(u,v) = bx(u,v), YVu,ve Hy(Q).
We point out certain properties of the operators a respectively by.

Proposition 1. The operator a verifies the following properties:

(i) for any w € H}(Q) the application v — a(w,v) is linear and continuous on
Hy ()

(ii) |lu — v||* < a(u,u —v) — a(v,u —v), for all u, v € HY(Q);

(iii) |a(u, w) — a(v,w)| < 3 ||u—v| - |w|, for all u, v € HL(Q).
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Proof: For any i € {1,..., N} we set v;(z;) = A;(x) — 2z;, for all

z = (21,...,xny) € RV,

(i) We fix w € H}(Q). It is clear that the application v — a(w,v) is linear. On
the other hand, using Holder’s inequality we have

la(w,v)| =

/ A(Vw)Vu dx

de+2 [ VwVov dx

Vi
Q <8x2> T Q

< 23/\%< )\ d + 2w - o]
— Jo
N ov

< - .

< 3 [ |oz] de+ 2wl ol

< (et 2wl

where ¢ is a positive constant. It follows that v — a(w,v) is continuous.

(ii) We have

alu,u —v) —a(v,u —v)

= /Q(A(u) — A())V(u —v) dx

N
ou ov ou ov 9
Z/Q <% <6w) o (ax» (em - 6@) do+ 2 flu ol

Using the mean value theorem and taking into account that |vy;(y)| < 1 for all
y€Rand all i € {1,..., N} we deduce that

a 2
a(uyu—v) — alv,u—v) = Z/% (pe - e ) dote P

[l =l + 2 u—vl|* = [lu—o]?

Y

where 0;(x) = u;(x ) L)+ (1 — p(z )) -(x) for all i € {1,...,N} and for all
x € Q with u,;(z) € [,}forallze{l N}andall;z:EQ
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(iii) Using the same arguments and notations as above we have

|a(u w) — a(v,w)]

ov ow
A~ 2= 2 _
Q (% (3%) v (3%)) Ox; ot Q V(u U)Vw e

v ow
< . dx +2 —v)|- d
< Z/m o ol S w2 [ 1900l Tl do
v ow
< 9 _
< Z/ oz, 81’1 9z dx + /|Vu v)| - |Vw| dx
< 3 flu—ol - flwl].
The proof of Proposition 1 is complete. 0

Proposition 2. For any A € (0,1) the operator by verifies the following pro-
perties:

(i) by is bilinear and continuous on H}(Q) x Hg(2);
(ii) bx(u,u) > 0 for all u € H}(2);
(i) there exists M > 0 such that

|bx(u, w) — by(v,w)| < M - |Ju—2| - [|w|l, Yuv,wée H&(Q).

Proof: (i) It is clear that by is a bilinear operator on H}(Q) x H}(Q). On the
other hand, Holder’s inequality and the Sobolev continuous embedding theorem
of H}(Q) in L?(2) imply

oa(w, )l < A llullze - ollze < e Jlull - [loll, ¥ u,v e Hg()
where c is a positive constant. That fact shows that by is continuous.

(ii) For any u € Hg(Q) we have by(u,u) = A|ul|2, >0

(iii) Using again Holder’s inequality and the Sobolev continuous embedding the-
orem of Hi () in L?(Q) we obtain

[bx(w, w) — by (v, w)] A

/Q(u—v)w dx

< A=l - flwl|g
< M-u—o||-lwl, Yuv,we H Q)
where M is a positive constant. The proof of Proposition 2 is complete. a

PROOF OF THEOREM 1. Let A € (0, ;) be arbitrary but fixed. By Proposi-
tion 1 (i) and the Riesz theorem we deduce that for each u € H}(Q) there is an
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element called Au € HZ () such that
a(u,v) = (Au,v) = / VAuVv dz, Vove H} Q).
Q

Thus we can define an operator A : H}(Q) — H}(Q). By Proposition 1 (ii) and
(iil) it follows that A verifies the properties

|u—v||? < (Au,u —v) — (Av,u —v), Y u,v€ HE () (3)
i.e. A is strongly monotone, and
[(Au, w) — (Av,w)| <3 - |lu—v| - |w||, Yu,v,we H Q). (4)
Relation (4) implies

|Au — Av|| = sup [(Au— Av,w)| <3-|u—v|, Yu,veHI(Q). (5)
lwl<1

On the other hand, by Proposition 2 (i) and the Riesz theorem we deduce that
for each u € HZ () there is an element called Byu € HE(€2) such that

ba(u,v) = (Bau,v) = / VByuVv dz, Yve Hy(Q).
Q

In this way we can define an operator By : Hi(Q2) — HE(Q). By Proposition 2
and the variational characterization of A\ it follows that B) is a linear operator
which satisfies the properties:

A
(Bau, u—v) —(Byv,u—v) = by(u—v,u—v) < )\—1~||u—v||2, Yu,v € Hy(Q) (6)
and

|Bau — Byv|| = sup |[(Bau— Byv,w)| =
llwl<1

= sup |ba(u—v,w)| <M -|ju—nv|, YuveHI(RQ). (7)
lw||<1

We define the operator S : H} (2) — H}(Q) by
Su =u —t(Au — Byu)

where t € (0, 2%;7)1;//[;‘;)) The relations (3), (5), (6) and (7) show that for each
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v1, va € HY(Q) the following inequalities hold true

| Sv1 — Swol|?

= (Sv1 — Svg, Sv; — Sva)

= ((v1 —v2) — t(Avy — Avg) + t(Bvy — Byvs), (v1 — v2) — t(Av; — Avg) +
t(Byvi — Byvs))

= v —va* = 2t{Av; — Avg,v1 — Vo) + 2t(Byvy — Byva, v — va) —
2t2<A1)1 — Avg, Byv1 — Byva) + t2||Av1 — Av2||2 + t2||B>\1)1 — B)\'U2H2

1

< o = w2lf® = 2t — va|? +
Qt%Hvl — w||? 4 26| Avy — Aws|| - || Bavy — Bywal| +
t?]| Avy — Avo||? + 2| Byvi — Byws|

< (1 — 2t (1 - /\A) + 6Mt% + 9t + M2t2> Ny — a2

= oo —vef?
Vvhelreozz1—2(1—)\%)t—i—(S—i—M)Qt2 >0.Ift =0ort = 22220 then o = 1.

(3+M)?2
This implies that /& < 1 for all t € (0, 2573/4).

Therefore,
1Sv1 = Sva|| < V- lu—wvll, ¥u,ve Hy()

ie. S is y/a-contractive with /o < 1. By the Banach fixed point theorem (see
Zeidler [18], Section 1.6) it follows that the problem

u=Su
has a unique solution u € HJ(f2), i.e. the problem
Au = Byu
has a unique solution u € H(Q2). It follows that
(Au, ) = (Bau, ), V¢ € Hy(Q)

ie.
/ A(Vu)Vp de = )\/ wp dr, V€ Hy(Q).
Q Q
Finally we remark that v # 0 since B) vanishes in the origin while A does not

vanish in the origin. Thus we have proved that any A € (0, 1) is an eigenvalue
of problem (1). The proof of Theorem 1 is complete. 0
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3 Proof of Theorem 2

First, we point out the fact that under the hypotheses of Theorem 2 the conclusion
of Theorem 1 does not hold. Indeed, in that case we have A(0) = 0 and thus the
non-triviality of the solution obtained by applying the Banach fixed point theorem
can not be stated. However, we can prove the existence of a positive eigenvalue of
problem (1) under the hypotheses of Theorem 2 using a minimization technique.
Such techniques are usually used in finding principal eigenvalues (see e.g. Szulkin-
Willem [14]). We remark that the minimization procedure can be also used in
order to prove Theorem 3.
We define the functional I : H} () — R,

I(u):/F(vu) dr, Yue€ H}(Q)
Q
where F' : RNV — R is the function F(£) = Zf\il(—cos(&) +&2), for all € =

(€1,...,6x) € RN, Tt is clear that

oF
axi

ie. VF(§) = A(¢) for all ¢ € RY. Thus it is easy to remark that I is of class C*
on H}(Q) with the derivative given by

(&) =sin(&) + 26 = Ai(§), Vie{l,..,N}andV¢eRY,

(I (u),v) = /QA(Vu)Vv dz, Yu,ve Hi(Q).

We consider the minimization problem
(P) minimize I(u) under conditions u € Hg(2) and [, u* dz = 1.

We point out the fact that problem (P) is well defined. Indeed, for all u €
H{ () with [, u? do =1 we have

I(a)zéé_cos(

where ); is the first eigenvalue of the Laplace operator.

u

0
8l‘i

) dr + ||Jul|> > =N - Q] + A\; > —c0 (8)

Proposition 3. The functional I is weakly lower semicontinuous on HE ().

Proof: Let (u,) be a sequence in H{(£2) such that u,, converges weakly to u in
H}(Q). We show that
liminf I'(uy) > I(u).

n—oo

First, we remark that

I(un) — I(u) = i/ﬁ <—cos (gﬁﬂ - (—cos <g;‘>)> d + ]2 = [Jull.
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Applying the mean-value theorem it follows that

N
Ay [ Ou ou
— - i (1) n_ % 2 2
1) 1) = 3 sinol?) (e = ) e bl =l )
where w )( ) = ,ugf)( )3“" (z) + (1 — psf)( ))a -(z) for all n, all i € {1,...,N}
and all z € Q with ,u( )( ) €1[0,1] for all n, all ¢ € {1,..., N} and all z € Q.
On the other hand, we have
Z / sin(w Oun _ Ou dz
Q Oz; 0x;
; ou ou ou ou Ou
— ] (4) el n_ 2=
;/Qsm (“” (z) <8mi aa:,»> T o > (33:1 ax) de
_ i/ sin (40 (2) Oup,  Ou 4 ou'\ sin ou \ |
N =1 0 Hn 5‘:1:1 8951 (91'2 8:::1
8un 3un au
<3xi B 8331) da:—!—Z/ sin (8331) ((“)xi B 5)@) dx.
Applying again the mean value theorem we get
N
Ny [ Ou ou
in(w® no_
;/Qsm(wn )<6‘zz 5‘zi> dx
N 2
; ou ou
_ (@) (@) no_
S NEERICY (52 -2t)
N (10)
Z / sin ou ouy, B ou e
P Q &ni 81;,- 3213,’
ou ou
< —ul]? + L )
<l —ul]® + Sln (3561) ( oz, 8@) dx
Relations (9) and (10) imply
I(un) —1I(u)
ou, Ou
sm <8xl) (axi — 8%) de|. (11)

> Junll® = [lun = ull® = Jlul® -

Since u,, converges weakly to u in the Hilbert space H{ () using Remark 1.33

on p. 22 in [17] we deduce
i (flun|* = flun — ]l = [lu]) =0 (12)
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On the other hand, we define the functional T : H}(€2) — R by

N ou '\ Oy
— ~ 1
(T, ) = E_ / sin (8%) oz, der, Y ¢ e Hy(Q).

It is clear that T is linear on H{(£2). Using Holder’s inequality we deduce

N ou dy
< .
(T0) < Z/Qfl(ax)‘ oz |
N
. ou Oy
< .
a ; o (3177) L2 ’5%‘ L2
N o\ /2 N 9\ /2
, 8u> dp
< sin :
(; <8$L L2> (; Ox; L2>
N P 2\ /2
. u
< <Z Sln<&> ) llell, Vo€ Ho(9).
i=1 Ti/llee

Thus, 7T is linear and continuous on Hg(£2). Since u,, converges weakly to u in
H} () we obtain

N
. Z . ou ou, ou _
nh—{go P /QSln (8:52) ((’hz B 8:&) dx =0 (13)

Relations (11), (12) and (13) imply
liminf I'(u,) > I(u).

n—oo

We conclude that I is weakly lower semicontinuous on H{(€2). The proof of
Proposition 3 is complete. 0

PROOF OF THEOREM 2. By relation (8) there exists A; € R such that

I(u).

inf
u€HS (), [ou? dz=1
There exists (u,), a minimizing sequence in H}(Q), i.e.
I(un) — Al

and [, u2 dz =1 for all n. We point out the fact that (uy) is bounded in H(£2).
Indeed, the above information shows that

I(un)JrZ/Qcos (gl;") dx
i=1 ¢

I(un) + N|Q|
A+ N|Q+e¢, Vn

|

INIA
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where c is a positive constant.

The fact that (u,) is bounded in H} () implies that there exists u € H}(Q)
such that wu,, converges weakly to u in H}(Q). Since H}(Q) is compactly embed-
ded in L?(Q) we deduce that Jo u? dz = 1. On the other hand, by Proposition 3
we have

Ay =liminf I'(uy,) > I(u).

n—oo

Thus we obtain I(u) = Ay, i.e. u is a solution of problem (P).
Let v € H}(Q) be arbitrary but fixed. Then for all € in a suitable neighborhood
of the origin the function

\Y \Y%
g(e) —I(u+ev ) —/F(u+€ v) dx
lu+ el 2 o \lu+ev|r
is well defined and possesses a minimum in € = 0. Then it is clear that g/(O) =0.
A simple computation shows that

g (€)=

/ (Vu—i—er) Vo lu+ev|?, — (Vu+eVo) - ([ uv dz + € [, v* dx)
Q

dzr
lu+ ev| 2 lu+ ev||3,

Since [, u? dz =1 we get

g (0) = /Q A(Vu) <wvu /Q w dm) da

/ A(Vu)Vv dx = )\/ uv dx
Q Q

where A = [, A(Vu)Vu dz > |lul|* > A\ [,u® de = A\; > 0. We conclude that
A > \q is an eigenvalue for problem (1). The proof of Theorem 2 is complete. O

and thus

4 Final remarks

In this section we point out the fact that our study can be extended to the
operators A : RV — RY of the type

A(f) = (A1(§)7aAN(€))7 v£ = (517 7£N) € RN

with Ay, ..., Ax : RY — Rand A;(€) = hi(&) + (k+1)¢ for all € = (&1, ...,én) €
R" and all i € {1,..., N}, where k is a positive constant and for all i € {1,..., N},
h; : R — R are given functions. Assume that for any ¢ € {1,..., N} the function
h; is of class C' on R and admits a bounded primitive H; : R — R. Moreover,
we assume that

k+1

|hi(§)] <k and Ih;(ﬁ)émin{k,Q}, VéEeR,ie{l,.. N}
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Remark. In the case when h;(§) = cos(§) or h;i(§) = sin(¢) and k = 1 we
obtain the operators studied in the above sections. We remark that there exists
also other functions h; which satisfy the above conditions. An example can be
hi(§) = a+1 -exp(—[¢]) - sin(a - £), for all £ € R, where a > 0 and k = 1.

In the following we will say that an operator A : RY — RY is of the type
(T) if it verifies the above conditions. In the case of such an operator the same
arguments used in the proof of Theorems 1-3 enable us to state the following
result:

Theorem 4. (i) Assume A is an operator of type (T). Then there exists at least
a positive eigenvalue A of problem (1), such that X\ > A\ where Ay is the first
eigenvalue of the Laplace operator.

(ii) Assume that A is an operator of type (T) and there exists ig € {1,..., N} such
that h;, does not vanish in the origin. Then any A € (0, A1) is an eigenvalue of
problem (1), where Ay is the first eigenvalue of the Laplace operator.
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